
VII.2 Definition of singular homology

Let e0 = (0, 0, · · · , 0) in R∞ ( or RN).
e1 = (1, 0, · · · , 0)
e2 = (0, 1, · · · , 0)

...
etc.

4p = the simplex spanned by {e0, e1, · · · , ep} = the standard p-simplex.

The i-th face map f ip : 4
p−1 →4p is an affine map given by

f ip(ej) = {
ej j < i
ej+1 j ≥ i

.

i.e. ”f ip(4
p−1) = f ip(e0, · · · , ep−1) = (e0, · · · , êi, · · · , ep)” < 4

p.

���

e0 e1

e0 e1

e2

f 1

f 2

f 0

f 0(e0, e1) = (e1, e2)
f 1(e0, e1) = (e0, e2)
f 2(e0, e1) = (e0, e1)

Let X be a topological space.
A singular p-simplex in X is a map σ : 4p → X.

i-th face σ(i) of σ is a map : 4p−1 f i

→4p σ
→ X,i.e., σ(i) = σ ◦ f ip

Sp(X) �� � singular p-simplices inX ���	�
������� generated ����� � free abelian group �������� "! ��#$� .(more generally, the free R-module generated by singular p-simplices
in X) %& �� � , the group(module) of singular p-chains ��� ���'� )(& *,+-/. � .
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0132547698: , c ∈ Sp(X)
�� � finite sum,

∑k

i=1 niσi ;< =>@?BAC ! �,DFEHGIKJMLN/OP Q . � .
���SRUT boundary operator �� �WV�XY �
 ! �M#$� .
Define a homomorphism ∂ : Sp(X)→ Sp−1(X) by

∂σ =

p∑

i=0

(−1)iσ(i) =

p∑

i=0

(−1)iσ ◦ f ip

%& �� � informally,

∂σ(e0, · · · , ep−1) =

p∑

i=0

(−1)iσ(e0, · · · , êi, · · · , ep)

Note
1.∂2=0 : same as before.

2. Z[ \^]�_ 21(check) In general, σ(e0, · · · , ei, ei+1, · · · , ep) ∼ −σ(e0, · · · , ei+1, ei, · · · , ep)

p ` � 1 aBb:dcfeY =g ���ihSj ������lknmoqpsrut< #$� .

e0 e1

→
τ̄

τ

vwyxz {�m| ���l}~H� 47� b: τ
xz
τ̄ ����hSj ������ τ̄ + τ ∼ 0 �B����� � t< ��� #$� . . �B� ��� mo �� � 4����:

c ∈ S2(X) ����hSj ������ τ̄ + τ = ∂c �B����� � t< ��� 698: OP Q . � . � ���  �
 01�������� {�m| ��� σ, ξ �� �V�XY �
 ! � 698: ,

e0 e1

↓ψ

0
1

2
σ

p

q

τ

ξ(const.map)
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����� � ��� ξ : 42 → X
�� � ξ(a) = p,∀a ∈ 42 aBb: constant map ��� . � . %&�*,+- , ψ �� �

2-simplex �� � 1-simplex ;< 01�������� {�m| ��� collapsing � ���n� �� � map ��� � σ �� � ψ ◦ τ ;<V�XY �
 *,+-�. � . 01 254¡698: ,
∂σ = σ(0) − σ(1) + σ(2) = σ(0̂, 1, 2)− σ(0, 1̂, 2) + σ(0, 1, 2̂) = τ̄ − p+ τ ��� � 
∂ξ = p− p+ p = p ����¢£ ;< ,
τ̄ + τ = ∂σ + p = ∂σ + ∂ξ = ∂(σ + ξ) ` � �� � 4 ��� τ ∼ τ̄ �B����� �¥¤ mo§¦g �B�¨ . � .
���SRUT X �
 singular chain complex �� �WV�XY �
 ! �M#$� .
S(X) = {Sp(X), ∂} �� � singular chain complex of X

���'� ! �'� ,

· · · → Sp+1(X)
∂
→ Sp(X)

∂
→ Sp−1(X)→ · · ·

p-th singular homology group of X, Hp(X) �� �
Hp(X) := Zp(X)/Bp(X)

where Zp(X) = ker∂p (whose element is called a cycle) and Bp(X) = im∂p+1

(whose element is called a boundary).

����� V�XY �
 *,+-�. � . ���ª©B« R-module �
 cfeY =g (Hp(X : R))
xz ¬ ®s¯C ! � � � vw°������ Hp(X :

Z)
����� ±£ � � (& *,+-/. � .

1. Functorial property for Hp

Let f : X → Y be a map. Then f induces a chain map.

Define f] : S(X)→ S(Y ) by σ 7→ f ◦ σ.Then

pf](∂σ) = f](
∑

(−1)iσ(i)) =
∑

(−1)if]σ
(i) =

∑
(−1)if ◦ σ(i) =

∑
(−1)if ◦ (σ ◦

f i) =
∑

(−1)i(f ◦ σ) ◦ f i = ∂(f ◦ σ) = ∂(f]σ)
∴ f]∂ = ∂f]y

Hence f] induces a homomorphism f∗(= Hp(f)) : Hp(X)→ Hp(Y ).
(1) id : X → X ⇒ id∗ = id

(2) X
f
→ Y

g
→ Z ⇒ (g ◦ f)] = g] ◦ f] ⇒ (g ◦ f)∗ = g∗ ◦ f∗

∴ Hp is a covariant functor from the category of topological spaces to the
category of abelian groups (R-modules).
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2.

Hp(point) = {
0 p 6= 0
Z p = 0

X ` � point ����¢£ ;< Sp(X) =< cp > ��� . � . ���¡� � ��� cp : 4p → X aBb: constant map ���. � . ²³ ´

· · ·
∂
−→ S3

∂
−→ S2

∂
−→ S1

∂
−→ S0

∂
−→ 0

‖ ‖ ‖
< c2 > < c1 > < c0 >

��� . � . 01Hµª¶:¸·º¹ ����� � ��� ∂c1 = c0 − c0 ���$¢£ ;< S1
∂=0
→ S0 ` � �� � 4 H0 = Z ��� . � . %&

*,+- ∂c2 = c1 − c1 + c1 = c1 ����¢£ ;< S2
∂(∼=)
→ S1 ` � �� � 4 H1 = 0 ��� . � . ��� xz {�m|�»¼ ½¿¾,ÀÁ®9ÂÃiÄ£ ;< p > 2 ����hSj ������ Hp = 0 �B����� �¥¤ mo§¦g �B�¨ . � .

3. {Xα} : path-components of X
⇒ Sp(X) =

⊕
α

Sp(Xα) since 4p is connected and ∀c ∈ Sp(X) can be written

uniquely as
∑
cα. Moreover, ∂ : Sp(Xα)→ Sp−1(Xα).

⇒ Zp(X) =
⊕
α

Zp(Xα) and Bp(X) =
⊕
α

Bp(Xα)

⇒ Hp(X) =
⊕
α

Hp(Xα)

4. Let X be path-connected. Then H0(X) = Z(orR).ÅÆÈÇÊÉÌËÍ (Idea)
x0 ∈ X �� � � V�XY � �B�n� #$� . 0132547698: x0

xz �B�� �
 �
 x ∈ X Î � ���M��� �� � ���ÐÏÑ Ò �� � �BÓÔ�� � path ` �ÖÕ× ½ÙØ  ! �'� , 1-simplex ρ : 41 → X �
 image �� � ��� path
���'� ! � 698:

∂ρ = x− x0 ` � �� � Ú ����� ��� x ∼ x0 ���ÜÛsÝYßÞ�àÃá*,+-�. � .
#$�sâ T *,+- ²³äã�å�æY �� � knmo/psrçt< #$� .
�B�� �
 �
 c ∈ S0(X)

�� � ∑
finite

nixi ;< GI � �9ènéê ¦g �B�¨ . � . ����� � ��� xi �� � e0 �� � xi ∈ X ;<
t<�ë jì}~ �� � 0-simplex ��� . � .0132547698: =g�í ¶: c = ∂c1 ⇔

∑
ni = 0 �B����� � t< ��� #$� .

∵ (⇒)c1 =
∑
kiσi ⇒ c = ∂c1 =

∑
ki(σi(1)− σi(0))⇒

∑
ni =

∑
(ki − ki) = 0����� � ��� σi �� � 1-simplex ��� . � .

(⇐)c =
∑
nixi − (

∑
ni)x0 =

∑
ni(xi − x0) =

∑
ni∂ρi����� � ��� X ` � path-connected ��� �� �ïî&�ð�ñ: ��� ±£óò5ô¨ . � .
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���SRUT S0(X)
ε
→ Z (or R)

∑
nixi 7→

∑
ni �� � õ�ö÷ùø�úû �� t< #$� . 01 254¡698: ε

�� � onto ���� , ε ◦ ∂1 = 0 ��� . � . %&�*,+- ¤ mü ��� ��� t< ò5ô¨þý ÿ: c �Ô �� � ������ ã ! � 698: , ����
	��û X ` � path-

connected
��� 698: kerε = im∂1 ���Ê�� � 4 S1

∂1→ S0
ε
→ Z → 0 »¼ ½ S0 ��� ��� exact ��� . � .Ú ����� ��� H0(X) = S0/kerε = Z ` � OP Q . � .

��Í��� 1 Given a chain complex {C, ∂}, an epimorphism C0 → Z → 0 with
ε ◦ ∂1 = 0 is called an augmentation. And the homology of · · · → Sp(X)→

· · ·
∂
→ S0(X)

ε
→ Z → 0 is called a reduced homology of X and denoted by

H̃p(X).

Note
1. H̃p(X) = Hp(X) if p ≥ 1

2. H0(X) ∼= H̃0(X)
⊕

Z, since S0(X) ∼= kerε
⊕

Z and im∂1 ⊂ kerε.

3. H̃p(point) = 0 ∀p.

��Í��� 2 A chain complex {Cp, ∂} is called acyclic if Hp(C) = 0 ∀p.

An augmented chain complex {Cp, ∂, ε} is called acyclic if H̃p(C) = 0 ∀p.
i.e.,

· · · → Cp+1
∂
→ Cp

∂
→ Cp−1 → · · ·

is acyclic if and only if it is exact.

Example {Sp(pt.), ∂, ε} is acyclic.
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